Abstract. For every module of covariants for a system of binary forms a formula is given, measuring to what extent Stanley's functional equation fails to be satisfied. As an application a new proof is given for the classification of the Cohen-Macaulay modules of covariants for systems of binary forms.
Introduction
Let V and M be two finite-dimensional SL2-modules. The vector space of polynomial maps V -> M commuting with the SL2-actions is a finitely generated graded module B(M) over the algebra B of invariant polynomial functions on V . It is called the module of covariants for V of type M. The ring of invariants is finitely generated and Hochster and Roberts [7] showed that it is Cohen-Macaulay, in fact, even Gorenstein.
If the highest weights of M are smaller than s -2, where s is an easily computed integer depending on V, Stanley [10] proved in 1979 that the generating function of B(M) satisfies a functional equation of the kind
3?(B(M);t) = (-l)dr(i,mV^(B(M),t-x)
and made some conjectures.
Early in 1989 Van den Bergh proved these conjectures for SL2 (and later for general reductive groups, see [2] ), by showing that these modules of covariants of small type are Cohen-Macaulay graded /5-modules. In the spring of the same year we described [3] a new method of calculating generating functions and found some examples of modules of covariants not satisfying the functional equation together with a formula for the deviation from it. Furthermore, we classified the Cohen-Macaulay modules of covariants for certain classes of representations V. Subsequently, in the fall Van den Bergh [ 1 ] finished the classification for all V.
In this article we complete the picture by calculating the deviation from Stanley's functional equation for all modules of covariants and giving it an interpretation. Satisfying the functional equation turns out to be equivalent to being Cohen-Macaulay. We reprove the complete classification in a more elementary way.
The first sections are concerned with generating functions and complete the results in [3] . Next we show that there are at most two nonvanishing local cohomology groups. Finally we prove the classification of Cohen-Macaulay modules of covariants in full and give an interpretation of the deviation from Stanley's functional equation.
Notation
Let k be an algebraically closed field of characteristic zero. Let G := SL(2, k) and Rp be the irreducible representation on the binary forms of degree p. The subgroup of diagonal matrices is denoted by 77. We fix a representation V = Rljl © •• • © Rdm , where we suppose that (7, (ii) as-2+p(t) = -Tafp(t-x).
(iii) Po = <f>0 = 1 and ZU <t>ifc-i = 0 for k>\. (ii) For k > 0 we have 2>s-2+k = ~¥kl(ET), where y/k(t) is the coefficient of xk in the Maclaurin expansion with respect to x of (1-x2) f(x,t)f(x,t-xy Proof The first statement is proved in [3, Proposition 6.4] and is well known. Using this fact and E,>0Q-"2+/c(t)^(7i(/v,); t) = 0 for k > 0, by Lemma 1.1 (i), we have £ of-2+k(m=Y,<2+km
Using ajl2+) = Pk-j > f°r 7 > 0, we established for all k > 0
;=0 ;>0 (=0 and using Lemma 1.1 (iii) we get
This completes the proof, n
Degrees of generating functions
For a polynomial p e Z[tx, ... , tm] we write deg,p for the degree of p with respect to /, and degp for the total degree. For a rational function p/q we define as usual degi(p/q) = deg,p -deg, q and deg(p/q) = degp -degq . In this section we will calculate the degree of &(B(Rf), t) if i > s -2.
We start with a lemma. (ii) If e < j < m then deg; <f>k = k and if I < j < e then deg; <p2k = k and deg7 4>2k+x = k provided that e f= m .
Proof. The Maclaurin expansion of 1/(1 -sx") is 1 + sxn + s2x2n + s3xin + ■•• . Now j is a product of such terms with various n and various tj for Suppose e < j < m. Then fi contains a unique factor 1 -xf■. So <f>k contains tk as the highest y'-degree term. So deg; <j)k = k .
If 1 < j < e, then / contains the factor 1 -x2tj . So in tf>2k the term of highest j -degree is tk and degj(f)2k = k. If e < m then tk(te+l + ■ ■■ + tm) is part of the highest j-degree, and degj (cj)2k+x Using this graded duality, we prove that at most two local cohomology groups of modules of covariants do not vanish. We start with a lemma concerning the support. Write n : V -» V//G for the quotient morphism. The following lemma is very useful and is due to Brion [4] . Let C be the subalgebra of B generated by a homogeneous system of parameters of degrees ox, ... , od , and write 0 := dim V -^f=1 07. Since B is a graded Gorenstein domain, by the theorem of Hochster and Roberts, B is finitely generated and free as a C-module. In fact, in this case all modules of covariants are free (see [8] ). They can also be characterized as the representations with dim V//G -e < 2. The full classification is given in the following theorem. 
